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We extend previous analyses of the violation of Lorentz invariance induced in a non-critical string
model of quantum space-time foam, discussing the propagation of low-energy particles through a
distribution of non-relativistic D-particles. We argue that nuclear and atomic physics experiments
do not constitute sensitive probes of this approach to quantum gravity due to a difference in the
dispersion relations for massive probes as compared to those for massless ones, predicted by the
model.
PACS numbers: 04.60.-m, 11.25.Pm
There has recently been considerable interest in pos-
sible violations of Lorentz invariance, motivated theoret-
ically by certain models of quantum gravity [1] and ex-
perimentally by high-energy cosmic-ray data [2]. Various
tests of Lorentz invariance have been proposed, including
measurements of photons and other relativistic particles
emitted by astrophysical sources [3], and recently low-
energy tests in atomic, nuclear and particle physics [4].
It is important to compare the sensitivities of such non-
relativistic tests with those of relativistic probes, to see,
for example, whether low-energy constraints might rule
out the observation of significant dispersion in the ar-
rival times of photons from gamma-ray bursters (GRBs).
A first discussion of low-energy constraints in this con-
text has recently been given in [4], where it was argued
that nuclear physics constrains certain Lorentz-violating
parameters to be much smaller than might have been
suggested by simple dimensional analysis and the Planck
length ℓP ∼ 10−33 cm.
Three of the present authors (JE, NEM, DVN) have
proposed previously a dynamical model of Lorentz vi-
olation within the framework of non-critical string the-
ory [1], in which the Liouville string mode is interpreted
as the target time variable. In this approach, the recoil
of a point-like D-brane defect (called a D-particle from
now on) in the quantum space-time foam, when struck
by a passing closed-string matter particle state, has a
non-trivial back-reaction on the surrounding space-time,
modifying the effective metric felt by the particle and
hence its propagation. This effect results in a mean-field
four-dimensional metric of non-diagonal form, providing
a mechanism for Lorentz violation in non-critical string:
G0i = vi , Gij = δij , G00 = −1, (1)
where vi ∼ Pi/M , with Pi the particle momentum and
M(∼MP?) the effective mass of a D-brane defect in the
quantum space-time foam. This results in a reduction in
the velocity of the propagating particle:
u ∼ c(1− P/M). (2)
In this paper we give a more elaborate derivation of this
relation and extend it to massive non-relativistic parti-
cles, within the framework of our Liouville formalism. To
this end, we first discuss the main relevant aspects of our
approach based on world-sheet field theory.
We assume that the dynamics of propagating particles
is described by some critical string theory as long as their
interactions with quantum foam fluctuations in the lat-
ter may be neglected, and we model space-time foam as a
gas of D-particles. Interactions with these cause the effec-
tive theory describing the propagating states to become
a non-critical string theory, which we treat using the for-
malism of a renormalizable σ model on the world-sheet.
The recoil velocities of the struck D-particles constitut-
ing the foam are viewed [1] as couplings in this σ model
that are not exactly marginal. The non-criticality of this
effective string model is compensated by non-trivial dy-
namics of the string Liouville mode, which we interpret
as the target time variable.
It is important to distinguish this approach from ad
hoc phenomenological modifications of Lorentz-invariant
dispersion relations in flat space times. Our approach en-
tails a transition between conformal field theories (CFTs)
on the world sheet: one starts from a system of a D-
particle interacting with closed strings, which defines the
asymptotic past conformal field theory (CFT1). Long
after the scattering at t = 0 say, the D-particle is mov-
ing with constant velocity, and the system is described
by a different future CFT (CFT2). The transition be-
tween these two CFTs is described in a mathematically
consistent way by Liouville string. The introduction of
the latter requires an extra space-time (Liouville) field,
of time-like signature [1]. This intermediate (D + 1)-
dimensional target space is curved, as a result of Liouville
dressing and the presence of the boundary operator de-
scribing recoil of the D-particle. At asymptotically long
times after the scattering event, the space-time becomes
flat, but it differs via the off-diagonal constant metric
terms in (1), which arise from the identification of the
world-sheet zero mode of the Liouville field with the tar-
2get time. For this reason, it is not trivial to describe the
effective low-energy dynamics simply in terms of an equi-
librium flat-space-time field theory with naive violations
of Lorentz symmetry [4].
The metric (1) arises from the recoil of an initially
stationary defect after it is struck by a light closed-string
state, in the the semi-classical approximation. In a world-
sheet framework, this implies a restriction to world-sheet
surfaces with trivial topologies. For open-string excita-
tions on the D-brane, which interest us here, this means
a world-sheet with disc topology. The relevant recoil de-
formations of the σ-model action take the form [5, 6]:
Vrec =
∫
∂Σ
θǫ(X
0)
(
ǫ2yi + ǫviX0
)
∂nX
i (3)
where ∂Σ is the boundary of the world-sheet disc, ∂n
denotes the derivative normal to the world-sheet, yi de-
notes the initial position of the D-particle, and vi its re-
coil velocity after the scattering by a closed-string state.
The regulating parameter ǫ, which serves to regulate the
Heaviside function θ(X0), is related to the world-sheet
renormalization-group scale by ǫ−2 ∼ ln(L/a)2, in order
to close the logarithmic conformal algebra characterizing
the recoil [5, 6]. The couplings yi, vj written in (3) are
exactly marginal, i.e., independent of the scale ǫ [6].
The above considerations were in a frame in which the
D-particle was at rest. We now extend the discussion to
motion through a gas of moving D-particles, as is likely
to be the case for a laboratory on Earth, e.g., if the D-
particle foam is comoving with the Cosmic Microwave
Background (CMB) frame. Assuming this to be moving
with three-velocity ~w relative to the observer, the recoil
deformation takes the following form to leading order in
ǫ→ 0+:
V ′rec =
∫
∂Σ
θǫ(−X0w)γǫwǫwiX0w∂nX iw +∫
∂Σ
θǫ(X
0
w)γǫwǫv
i(ǫ, w))X0w∂nX
i
w (4)
where the suffix w denotes quantities in the boosted
frame. The main novelty in the w 6= 0 case is that now
there are two σ-model operators in (4). The recoil veloc-
ity vi(ǫ, w) depends in general on w, and is determined by
momentum conservation during the scattering process, as
discussed in [6]: ǫv‖(ǫ, w) = (1 + ǫ
2v · w)−1 (ǫv + ǫw),
and similarly for the v⊥ component. Finally, γǫw ≡
1/
√
1− ǫ2w2. The above formulae have been derived by
applying the standard Lorentz composition of velocities
to the bare, i.e., non-marginal, couplings ǫv, ǫw. This
is justified because Lorentz transformations are classical
changes of coordinates, and as such should be applica-
ble to bare quantities appearing on the σ model. Af-
ter renormalization at the σ-model level [6] the marginal
couplings ui, wi obey, to leading order in ǫ, a Galilean
composition. In this way the higher-order terms, partic-
ularly those of order w2, which were crucial in the anal-
ysis of [4], are suppressed by factors of order ǫ2, which,
as we shall discuss below, are relaxation terms, scaling
with time as 1/t. In this way, all dangerous Lorentz-
violating terms, which would be severely constrained by
low-energy data as discused in [4], relax in this way, and
therefore are suppressed in our Liouville model. As we
show below, this implies that, at present, the most sen-
sitive probe of Liouville-gravity-induced quantum effects
is that associated with studies of astrophysical sources
such as gamma-ray bursters [3, 7].
The deformations (3) and (4) are relevant world-
sheet deformations in a two-dimensional renormalization-
group sense, with anomalous scaling dimensions
−ǫ2/2 [5]. Their presence drives the stringy σ model non-
critical, and requires dressing with the Liouville mode ρ.
The procedure has been described in detail for the w = 0
case in [1], so we are brief in what follows. In Liouville
strings there are two screening operators eα±ρ, where the
α± are the Liouville-string anomalous dimensions given
by:
α± = −Q/2±
√
Q2
2
+
ǫ2
2
(5)
and the central-charge deficit Q2 was computed in [1] and
found to be of order ǫ4. Hence α± ∼ ±ǫ.
The α− screening operator is sometimes neglected be-
cause it corresponds to states that do not exist in Liou-
ville theory. However, this is not the case in string theory,
where one should keep both screenings as above. This is
essential for recovering the correct limit of vanishing re-
coil: vi → 0 in the case of infinite D-particle mass. The
Liouville-dressed boosted deformation reads (to leading
order in ǫ→ 0+):
V ′Lrec =
∫
∂Σ
eα−ρθǫ(−X0w)ǫwiX0w∂nX iw +∫
∂Σ
eα+ρθǫ(X
0
w)ǫ(w
i + vi)X0w∂nX
i
w (6)
where vi is the recoil velocity in the frame where the D-
particle in initially at rest. Using Stokes’ theorem, and
ignoring terms that vanish using the world-sheet equa-
tions of motion, one arrives easily at the following bulk
world-sheet operator:
V ′Lrec =
∫
Σ
eǫρθǫ(X
0
w)ǫ
2viX0w∂aX
i
w∂
aρ+ . . . , a = 1, 2,(7)
where the . . . denote terms subleading as ǫ → 0+, as
we explain below. Notice the cancellation of the terms
proportional to w, due to the opposite screening dress-
ings. Recalling that the regularised Heaviside opera-
tor θǫ(X) = θ0(X)e
−ǫX , where θ0(X) is the standard
Heaviside function, we observe that one can identify the
boosted time coordinate X0w with the Liouville mode ρ:
ρ = X0w [1]. At long times after the scattering, the
Liouville-dressed theory leads to target-space metric de-
formations of the following form to order ǫ2:
Gρi = ǫ
2viρ + relaxation terms (8)
3As explained in detail in [1, 5], at the long times after
the scattering event when the σ-model formalism is valid,
one has ǫ2ρ ∼ 1: ǫ and the world-sheet zero mode of ρ are
not independent variables, as ǫ is linked with the world-
sheet renormalization-group scale. Thus we recover the
metric (1). Notice that the above-described σ-model for-
malism, which was invented for a first order analysis in
the small recoil velocity [5], keeps only linear velocity
w terms in the Lorentz transformation, which is mathe-
matically self consistent. The reader should keep in mind
that the recoil velocity v is the momentum transfer to the
D-particle, and thus its first correction under a Lorentz
transformation is of order w2. In particular, this implies
that this specific σ-model framework is not tailored to
give a definite answer to tests sensitive to second order
in w [4]. Nevertheless, as we shall argue below, there are
ways of tackling this problem upon making a few physi-
cally reasonable assumptions.
To this end, we first notice that in our σ-model frame-
work, the metric is actually a field operator, cf. (7),
Gρi(z, z¯) = ǫv
i : eǫρ(z,z¯)θǫ(X
0(z, z¯))X0(z, z¯) :≡
ǫvi : eǫρD : , (9)
where :...: denotes normal ordering, and D is the recoil
velocity operator of [5], which obeys a logarithmic confor-
mal algebra. In our case, Gµν = ηµν+hµν , and Gρi = h0i
(eventually ρ is identified with the temporal coordinate).
One should average the above dispersion relation with
respect to the Liouville σ-model action
〈pµpνGµν〉 = pµpνηµν − 2Epi〈h0i〉 = −m2 , (10)
Due to normal ordering, one obtains immediately 〈h0i〉 =
0.
However, this is not the end of the story, as one should
consider σ-model two-point correlations appearing in the
average of the square of the dispersion relation. In gen-
eral, this approach is equivalent to the standard approach
of considering fluctuations about a mean value in stochas-
tic frameworks of quantum gravity [8]. Such issues will
be discussed further in [9].
Squaring the dispersion relation and taking the above
average we have:
m4 = pµpνpαpβ〈GµνGαβ〉 =
(E2 − p2)2 + E2pipj〈h0ih0j〉 . (11)
In our case we can use Liouville σ-model methods to
compute the above correlator, taking into account the
fact that in our approach we identify the world-sheet zero
mode of the Liouville field ρ0 with that of the field X
0.
Splitting the Liouville path integration [10] into zero-
mode (ρ0) and non-zero-mode parts (ρ˜0), we obtain:
〈h0ih0j〉 = ǫ4vivj
∫
dρ0 exp[−ǫ2χρ0 + . . . ]
∫
Dρ˜ exp
(
−
∫
Σ
(∂ρ˜)2 + ǫ2
∫
Σ
R(2)ρ+ . . .
)
〈〈eǫρD(z, z¯)eǫρD(z, z¯)〉〉 ∼ ǫ4 vivj
ǫ2
1
ǫ2
× (finite)(12)
where Σ is the world sheet of curvature R(2) and Euler
characteristic χ, and 〈〈. . . 〉〉 denote the σ-model path in-
tegral over the Xµ fields. Above we took into account the
fact that in our case the square root of the central-charge
deficit is of order ǫ2. With these in mind, as well as the
fact that the zero mode of the Liouville field is related
to the logarithm of the world-sheet area, we could trans-
form the Liouville zero-mode integral to an area integral
by inserting the fixed area constraint [10], which yields
eventually an 1/ǫ2 divergence. A further 1/ǫ2 divergence
is obtained from the logarithmic algebra of the D oper-
ator [5, 6]. The non-zero mode in the Liouville integral
yields finite results, as can easily be seen. In addition to
the tree-level σ-model computation, one should consider
contributions of higher genera [6], which renormalize the
leading result but do not change it qualitatively [9]. The
renormalization procedure involved in the computation of
the two-point correlator when string loops are included
above may change its (apparently) positive sign [9], due
to subtractions. In what follows we shall assume that the
sign is negative.
The dispersion relation obtained in this way reads:
m4 = (E2 − p2)2 − ξ2E2(pivi)2 (13)
where ξ is a number. In our case vi ∼ gspi/Ms and hence
M = Ms/gs, where gs is the string coupling, assumed to
be weak, andMs is the string scale, which may in general
be different from the Planck scale MP .
In the case of a massless particle such as a photon (or
at high energies: m/E → 0) the above dispersion relation
yields:
E2 = p2 ± ξgs p
3
Ms
+ . . . (14)
Subluminal dispersion relations are expected in the case
of string theory, motivating the negative sign. This stems
from the specific form of the low-energy target-space dy-
namics describing the recoil, which takes the form of a
Born-Infeld action [1, 6]. This yields a refractive index
that is linear in E, minimally suppressed by one power of
the Planck scale [1, 3]. The above procedure of consider-
ing two-point correlators yields stochastic fluctuations in
the arrival times of photons [11], independent from the
modification of the dispersion relation. If the two-point
correlator turned out to be positive, only transverse fluc-
tuations would exist, implying that there would be no
modifications in the photon’s dispersion relation. How-
ever, the arrival-time fluctuations, expressing light-cone
fluctuations [8, 11], which are proportional to the square
root of this correlator, would still exist.
We now consider low-energy massive particles, as con-
sidered in [4]. Since p ≪ m ≪ MP in this case, the
dispersion relation takes the form:
E2 = m2 + p2 +
ξ2
2
g2s
M2s
p4 + . . . (15)
Notice the qualitative difference in the scaling with M2s
in this case, which reduces drastically the sensitivity of
4the model to tests using massive low-energy particles.
Indeed, the last term, when applied to non-relativistic
fermions, as in [4], would yield a quadrupole-moment
term of order ξ2g2s(m
2/M2s ) ~w ·Q · ~w, which is suppressed
by a factor g2sm/Ms as compared to the result of [4],
rendering it unobservable in practice.
Before closing we would like to make an important re-
mark. So far we have considered recoil in a single string-
D-particle scattering. One may argue, however, on the
possibility of having, instead of a single string, a beam of
incident strings with some distribution v(y) of velocities,
with y a direction transverse to that of propagation. In
this case there are non trivial space-time curvature effects
induced by the metric (8) with vi replaced by the distri-
bution vi(y), representing the mean field. The presence
of such effects guarantees the impossibility of performing
a coordinate transformation to remove the mean field re-
sult.
Thus, the induced metric now reads:
Gµν = G
0
µν +
1
3
Rµρνσδx
ρδxσ + . . . , (16)
where the . . . denote higher derivative terms, and G0µν =
Gµν(v(y = 0)) is the metric at, say, the center of the
beam of particles. The induced curvature is of order:
Rµνρσ ∼ v
2
i
ℓ2
, where ℓ is defined as the characteristic scale
for the change of v: ∂v/∂y ∼ v/ℓ.
Therefore the mean field result of the dispersion rela-
tion is the standard one (in the frame where the initial
D-particle was at rest):
m2 = E2 − p2 + ξEpivi +O(p2v2) (17)
In case the D-particle moves with velocity w with respect
to the observer, one obtains Lorentz-violating quadrupole
terms of order gsξ
Ms
w ·Q · w. In that case, the analysis of
[4] would imply a bound ξgsMP /Ms ∼ 10−5 which is not
a very strong bound for our stringy case, where we have
three parameters ξ, Ms/MP and gs. Moreover, in the
case of a beam of non relativistic particles, with average
velocity pi/m ≪ 1, there is an extra suppression factor
in the Lorentz-violating term of order O(p/m) due to the
probability of scattering with the D-particle. However,
for the nucleon energies (of 40 MeV) considered in [4] the
constraint is reduced by at most one order of magnitude.
Nevertheless, the mean field may not be appropriate
for a proper σ-model analysis, as it deals with non con-
formal (non-Ricci flat) metric backgrounds, and more-
over the formalism is not developed to discuss properly
more than single string-D-particle interactions. Hence
we believe that such constraints can be avoided within a
mathematically self-consistent Liouville σ-model frame-
work where the mean field is absent, but there are fluc-
tuations, as described above.
This completes our discussion of relevant properties
of our D-particle model for space-time foam. As shown
here, the nuclear-physics constraint of [4], as well as
other low-energy experiments, by no means excludeM ∼
1019 GeV. For comparison, the latest astrophysical limit
is M ∼ 7 · 1015 GeV [7]. We recall also that an im-
portant difference of our foam model from other ap-
proaches to modified dispersion relations, such as loop
gravity, is that we have no superluminal signals. Mod-
els with superluminal propagation are essentially ex-
cluded by the absence of gravitational Cˇerenkov radia-
tion from ultra-relativistic particles [12]. Our Liouville
string model escapes [13] from this and other constraints
that severely restrict generic Lorentz-violating models of
quantum gravity, such as the phenomenology of neutrino
oscillations [14]. These properties occur for specifically
stringy reasons. Moreover, our dispersion relations de-
rived in [15] and here are distinct from those proposed for
fermions in the context of the loop-gravity approach [16],
thus avoiding also constraints from cosmic-ray decays.
In our previous work [1], we have assumed that space-
time is populated by O(1) stationary defect per Planck
volume, in which case the rate of collisions of a relativistic
particle is also O(1) in natural units and, as mentioned
above, a slow-moving particle would encounter fewer de-
fects, by a factor ∝ |pi/m|, suppressing the Lorentz viola-
tion effect by a similar extra factor. The above analysis
assumed also unrealistically that all the D-particles in
the foam have the same velocity wi ≪ c. In general, one
would expect a gas of moving D-particles with a distribu-
tion of velocities P(wD) that are different from the CMB
velocity. The discussion of such an ensemble goes beyond
the scope of this paper, but, as long as the wD are non-
relativistic, the above analysis would go through with
w → 〈wD〉, and 〈wD〉 could be identified with the Earth’s
motion w relative to the CMB frame. More generally, one
could consider the possibility that the distribution P(w)
might extend to relativistic D-particle velocities. A de-
tailed treatment of this case is not possible within our
current calculational framework, but we would expect it
to lead to similar conclusions.
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